Information based uncertainty measures like Rényi entropy (R), Shannon entropy (S) and Onicescu energy (E) (in both position and momentum space) are employed to understand the influence of radial confinement in isotropic harmonic oscillator. The transformation of Hamiltonian in to a dimensionless form gives an idea of the composite effect of oscillation frequency (ω) and confinement radius (r c ). For a given quantum state, accurate results are provided by applying respective exact analytical wave function in r space. The p-space wave functions are produced from Fourier transforms of radial functions. Pilot calculations are done taking order of entropic moments (α, β) as ( 3 5 , 3) in r and p spaces. A detailed, systematic analysis is performed for confined harmonic oscillator (CHO) with respect to state indices n r , l, and r c . It has been found that, CHO acts as a bridge between particle in a spherical box (PISB) and free isotropic harmonic oscillator (IHO). At smaller r c , E r increases and R α r , S r decrease with rise of n r . At moderate r c , there exists an interaction between two competing factors: (i) radial confinement (localization) and (ii) accumulation of radial nodes with growth of n r (delocalization). Most of these results are reported here for the first time, revealing many new interesting features.
I. INTRODUCTION
In recent years, interest in studying spacially confined quantum systems has enhanced significantly. A quantum mechanical particle under extreme pressure environment exhibits many fascinating, notable physical and chemical properties [1] [2] [3] . Discovery and development of modern experimental techniques have also inspired extensive research activity to explore and study such systems [2] [3] [4] [5] [6] [7] . They have potential applications in a wide range of problems namely, quantum wells, quantum wires, quantum dots, defects in solids, superlattice structure, as well as nano-sized circuits such as quantum computer, etc. Besides, they have uses in cell-model of liquid, high-pressure physics, astrophysics [8] , study of impurities in semiconductor materials, matrix isolated molecules, endohedral complexes of fullerenes, zeolites cages, helium droplets, nano-bubbles, [2] etc.
In last ten years, extensive theoretical works have been published covering a wide variety of confining potentials. Two such prototypical systems that have received maximum attention are confined harmonic oscillator (CHO) (in 1D, 2D, 3D, and D dimension) [9] [10] [11] [13] [14] [15] and confined hydrogen atom (CHA) inside a spherical enclosure [3, 10, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . The (CHO) model within an impenetrable barrier was explored quite extensively leading to a host of interesting properties−both from physical and mathematical perspective. They offer some unique phenomena, especially relating to simultaneous, incidental and inter-dimensional degeneracy [15] . A large variety of theoretical methods were employed; a selected set includes perturbation theory, Padé approximation, WKB method, Hypervirial theorem, power-series solution, super-symmetric quantum mechanics, Lie algebra, Lagrange-mesh method, asymptotic iteration method, generalized pseudo-spectral method, etc. [16] [17] [18] [19] [20] [21] [22] [23] [24] and references therein. Exact solutions [20] are expressible in terms of Kummer confluent hypergeometric function.
In recent years, significant attention was paid to explore various information measures (IE), namely, Fisher information (I), Shannon entropy (S), Rényi entropy (R), Onicescu energy (E) and several complexities in a multitude of physical, chemical systems, including central potentials. The literature is quite vast. In a quantum system, R, called information generating functionals, is closely related to entropic moments (discussed later), and completely characterize density ρ(r). It is successfully used to investigate and predict certain quantum properties and phenomena like entanglement, communication protocol, correlation de-coherence, measurement, localization properties of Rydberg states, molecular reactivity, multi-fractal thermodynamics, production of multi-particle in high-energy collision, disordered systems, spin system, quantum-classical correspondence, localization in phase space [34] [35] [36] [37] [38] [39] [40] , etc. It is interesting to note that, S, E are two particular cases of R [41, 42] . S and E quantify the information content in different and complimentary way. Former refers to the expectation value of logarithmic probability density function and is a global measure of spread of density. On the other hand, E is quantified as the second-order entropic moment [43] . It becomes minimum for equilibrium and hence often termed as disequilibrium. In recent years, S is examined in a number of systems, such as, Pöschl-Teller [44] , Rosen-Morse [45] , pseudo-harmonic [46] , squared tangent well [47] , hyperbolic [48] , position-dependent mass Schrödinger equation [49, 50] , infinite circular well [51] , hyperbolic double-well (DW) potential [52] , etc. Recently, some of these measures have been found to be quite efficient and useful to explain the oscillation and localization-delocalization behavior of a particle in symmetric and asymmetric DW potential [53, 54] , as well as in a confined 1D quantum harmonic oscillator [14] .
IE quantifies the spatial delocalization of single-particle density of a system in several complimentary ways. Arguably, these are the most appropriate uncertainty measures, as they do not make any reference to some specific point of the resembling Hilbert space.
Moreover, these are closely related to some energetic and experimentally measurable quantities [41, 55] of a system. In case of R and S, some lower bound is available, which do not depend on quantum number. But, for I both upper and lower bounds have been established, which strictly change with quantum numbers [42, 56, 57] .
A vast majority of IE-related works, mentioned above and elsewhere, deal with a free or unconfined systems. However, such study for confined quantum systems is very rare. In last few years, some such results have been published for symmetric and asymmetrically confined 1-D harmonic oscillator [14, 26] and confined hydrogen atom [27] [28] [29] [30] . However, to the best of our knowledge, such investigation for a 3-D CHO system has not yet been done. Hence, it would be highly desirable to explore and inspect these quantities for such system in some detail. In this work, we have pursued a detailed analysis of R, S, E for CHO.
Moreover, we have transformed our original Hamiltonian into a dimensionless form [31] to make the results more general and interesting, from the view point of an experimentalists [32, 33] . This modification leads to a dimensionless parameter η = , which depends on the product of ω and quartic power of r c . Thus, at first, we analyze the variation of R, S, E for an arbitrary state in CHO for small, intermediate and large regions of η in conjugate r, p spaces. Later, we proceed for a detailed exploration of these measures as functions of r c . These are provided for a general state having principal and azimuthal quantum numbers n, l, while keeping magnetic quantum number m = 0. In r space all the calculations are performed taking exact wave function. However, such expressions are unavailable in p-space, and hence numerical Fourier transforms require to be carried out. It is important to note that, no such literature is available for CHO. This work has been arranged in the following manner. Section 2, gives the essential points of methodology, then Section 3 provides a details discussion on the results of aforesaid measures for CHO, while we conclude with a few remarks in section 4.
II. METHODOLOGY
The time-independent, non-relativistic wave function for a CHO system, in r space may be expressed as,
with r and Ω illustrating the radial distance and solid angle successively. Here ψ n,l (r)
represents the radial part and Y l,m (Ω) identifies spherical harmonics. The pertinent radial
Schrödinger equation under the influence of confinement is (atomic unit employed unless mentioned otherwise),
where v(r) = Exact generalized radial wave function for a CHO is mathematically expressed as [15] ,
Here, N nr,l represents normalization constant and E nr,l corresponds to the energy of a given state characterized by quantum numbers n r , l, whereas 1 F 1 [a, b, r] signifies confluent hypergeometric function. Allowed energies are computed by applying the boundary condition ψ nr,ℓ (0) = ψ nr,ℓ (r c ) = 0. In this work, generalized pseudospectral (GPS) method was used to evaluate E nr,l of these states. This method has provided highly accurate results for various model and real systems including atoms, molecules, some of which could be found in the references [24, 58, 60? ] . This is very well documented and therefore omitted here.
The p-space wave function is obtained from Fourier transform of r-space counterpart,
Here ψ nr,l (p) is not normalized and needs to be normalized. Integrating over θ and φ yields,
where, f (r, p) depends only on l quantum number. It can be expressed in terms of Cosine and Sine series. More details about f (r, p) could be found in [27] .
Rényi entropies of order λ( = 1) are obtained by taking logarithm of λ-order entropic moment. In spherical polar coordinate these can be written as,
Here ω λ τ s are entropic moments in τ (r or p or θ) space with order λ, having forms,
If λ corresponds to α, β in r, p spaces respectively, then for R, they obey the condition
Then one can define total Rényi entropy as R (α,β) t [41, 42] , satisfying the following bounds,
S r , S p and total Shannon entropy S t are expressed in terms of expectation values of logarithmic probability density functions, which for a central potential further simplifies [56] as below,
where the quantities S r , S p and S θ are defined as [56] ,
By definition, E represents the 2nd order entropic moment [41] ; therefore choice of α = β = 2 transforms Eq. (8) into the following form,
where, E t is the total Onicescu energy. Note that, the restriction and β = 3 have been chosen.
III. RESULT AND DISCUSSION
At the beginning, it may be convenient to point out a few things about the presented results. The net information measures in conjugate r and p spaces may be divided into of CHO were presented earlier in some details, we do not discuss them in this work. Our primary focus is on information analysis.
Equation (2) may be represented in the following form,
Here, Θ(r − r c ) is a Heaviside Theta function and V is a constant, having very large value. The effect of localization and delocalization depends on r c and ω. It has been observed that, the Hamiltonian can be generalized into a dimensionless form, so that one can correlate experimental observations with theoretical results [31] [32] [33] . Further, in 1D case, it is established that ω is proportional to the square root of the magnetic field parallel to the gradient of the confining potential [32] . Hence, it seems appropriate to study composite effect r c and ω with the aid of a single dimensionless parameter η. This will make our present study more interesting and appropriate from an experimental view point. It follows that,
After substitution of r = r c r ′ into Eq. (12), the modified dimensionless Schrödinger equation can be written as
Where r ′ is a dimensionless variable and η = 
Equation (15) indicates that η depends on the product of ω, m and quartic power of r c .
However, if we choose m =h = 1, then the effective dependence remains on the product of shows that, R α r ′ falls off with rise of η implying greater localization at larger η. for 1s state falls off with η but for non-zero l states it enhances with increment of η. We also note that, at a fixed n r both R β p ′ and R Table II , where S r ′ , S p ′ and S t are probed for 1s, 1p, 1d states of PISB (3rd column) and CHO (at same particular set of η as in Table I ). Like R, S r ′ progresses and S p ′ diminishes with growth in η. For l = 0 states S t decreases with η, while, for l = 0 
Now we move on to S in
As usual at η → ∞ this trend modifies to
Here again analogous to R β p ′ andR (α,β) t , both S p ′ andS t advance with increase in l. Table III , by providing E r ′ , E p ′ and E t of 1s, 1p, 1d states of selected η values used in Table I and II. Akin to R and S, E at η → 0 delivers coequal result to that of PISB. But in other context, E shows complete reverse trends to what we have seen in R and S. E r ′ , E t advance and E p ′ reduces with improvement in η. Above changes in E r ′ , E p ′ and E t are graphically displayed in Figure 3 , in left (a), middle (b), right (c) panels for first five circular states (n r = 1 and l = 0 − 4). Here one can see that, E r ′ , E t decrease and E p ′ increases with progress of η. As η approaches zero, E r ′ obeys the trend
Now we discuss E in
1g) at opposite η limit. Whereas, at a fixed n r , both E p ′ and E t collapse with rise in l.
Upto now, we were concerned about the effect of change of η in CHO. This investigation clearly reveals that, at η → 0 CHO behaves alike to PISB. But, since, η ∝ ωr 4 c , these results includes combined effect of both η and r c . In order to get a complete picture of confinement effect, these two factors need to be segregated. Now, we concentrate on analysing all these quantities with respect to r c . Later we also examine the behaviour of IE with change of n r at certain selected r c values namely 0.1, 2.5, 3, 5, ∞. In both the cases we will keep ω fixed at one. Now, onwards we will use unprimed variables in IE suffixes.
We will now study the variation of all these information measures with change of r c . It is expected that, a progressively larger r c should lead to a delocalization of the system in such a fashion that, at r c → ∞ it should come out to IHO. Whereas, when r c → 0 impact of confinement is maximum. Here, calculation are pursued by choosing r c values starting from 0.1 to 10. This, parametric increase in r c elicit the system from extremely confined environment to free situation.
To begin with, Table IV impresses r c = 0.1, for all l, R α r 's gradually falls off with n r . Albeit, it provides highest values for l = 0 states. But, for non-zero l states, it grows up with rise in l values. Hence, it can be concluded that, effect of confinement is maximum for l = 1 states and minimum for l = 0 states. However, higher n r states experience the confinement in greater extent. Both, R β p (a) and R (α,β) t show reverse trend. At, low n r values both these quantities obey the trend 1g > 1f > 1d > 1p > 1s. This, pattern gets inversed (1s > 1p > 1d > 1f > 1g) at higher n r . These results clearly indicates that, At lower r c region quantum effect gets amplified as information content decreases, whereas, total information (uncertainty) increases with n r . First column (a), interesting show appearance of maximum in R α r with regular advancement of r c . Position of these maxima gets right shifted as r c intensifies. Apparently, there exists an interplay between two conjugate aspects: (i) radial confinement (localisation) and (ii) accumulation of nodes with n r (delocalisation). As, r c progresses, delocalisation predominates for lower n r states. Hence., with continuous relaxation in confinement, states having higher n r value gets delocalised. At, r c → ∞, second effect prevails, system behaves as IHO. In second and third columns, one can sees that, both R β p and R (α,β) t always accelerate with n r . At r c → ∞, these two quantities approaches to respective IHO-limits. Now, we move to S in Table V , where, S r , S p and S t are presented for 1s, 2s , 1p , 2p , 1d , 2d states of CHO at same set of r c as in Table IV . Once again, no reference work exists for these, which could be compared. Like R analogous shape and propensity to that of Figure 5 . Thus in coherence with R α r at r c = 0.1, for five l, S r gets lowered in A(a), while S p 's and S t 's improve with n r in A(b) and A(c), respectively. This reinforces our previous epilogue (as in R in Figure 4 ) that, at very low r c , effect of confinement is more prevalent in high-lying states, signifying a intensification of quantum nature in such circumstances. As usual, like R α r here also, the first column ((a)) of Figure 7 render the appearance of maximum in S r plots with gradual growth of r c . Their position gets shifted to right as r c improves. This observation indicates that, at r c → ∞ system behaves like IHO.
At this stage we move on to explore the last measure of this study, that is, E in Table 0 and 2p states it passes through a minimum and in case of 2d state it always falls off with increase in boundary.
These changes in E r , E p and E t with r c are graphically displayed in Figure 8 , in left (a), middle (b) and right (c) panels for first five circular states. One notices that, E t for 1s, 1p, 1d states increases with r c , while for 1f, 1g states it decreases. Interestingly, at large r c , both E r and E p decrease with increase in l.
In Figure 9 , E r , E p and E t are portrayed (in columns (a),(b),(c)) for l = 0 − 4 states as functions of n r at five different r c values (in segments A-E). At the lowest r c considered, E r progresses with n r . However, the first column (a) suggests that, a minimum appears in E r graphs as r c is extended. Also the positions of these minima gets right shifted with increment in r c . On the contrary, for all concern r c values, both E p , E t diminish with n r .
IV. FUTURE AND OUTLOOK
Information theoretic measures like R, S, E are pursued for CHO in both r, p spaces, along with their composite measures. At first, in order to explore the composite effects of ω and r c , the Hamiltonian is transformed into a dimensionless form. This established that, CHO behaves as an interim model between the PISB and IHO. Later, the role of r c on these measures were investigated keeping ω fixed at 1. Amongst several interesting features, one notices that, at very low r c , R α r , S r fall and E r grows as n r advances, which is in sharp contrast to that found in IHO. Furthermore, r c and η produce opposite effects on IE measures. The effect of nonzero m and a penetrable cavity on these measures may lead to some other interesting features, which may be pursued later.
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